On the inertial subrange of symmetry-preserving regularization models for turbulent flow Roel Verstappen * Institute of Mathematics and Computing Science, University of Groningen, P.O.Box 407, 9700 AK Groningen, The Netherlands.
Foias et al. [1] have proven the existence of the inertial subrange for the (incompressible) Navier-Stokes equations. In this paper, we proof the same result for any skew-symmetric regularization of the nonlinearity in the Navier-Stokes equations. A simple dimensional analysis gives then Kolmogorov's -5/3 spectrum.
Symmetry-preserving regularizations
The projection of the incompressible Navier-Stokes equations (here, with periodic or no-slip boundary conditions) on the space of divergence free vector fields reads
where u denotes the velocity and f is the forcing term; C(u, u) and Du represent (the projection of) the convective and diffusive term, respectively. The diffusive operator possesses an orthogonal, complete basis of eigenvectors w j : Dw j = λ j w j , where the eigenvalues can be ordered, 0 < λ 0 ≤ λ 1 ≤ λ 2 ≤ ..., and λ j → ∞ as j → ∞ [2] . We define the components of u with respect to this basis by u κ = λj =κ 2ûj w j . The number of dynamically significant modes u κ is often much too large to be computed directly from the Navier-Stokes equations. Regularization is one of the mechanisms by which the dynamics can be reduced [3] . Basically, the nonlinearity in (1) is altered to restrain the convective energetic exchanges:
The basis functions w j are obviously not altered by the regularization. The general idea is that the low modes of the solution of the regularized system (2) should approximate the corresponding low modes of the Navier-Stokes solution, whereas the high modes should vanish much faster (so that they need not be computed). This can be achieved in various ways, yielding different regularization models. Well-known examples are the Leray and Navier-Stokes-α model; see e.g. [4] - [5] . Our guiding principle is to preserve the skew-symmetry of the convective operator, i.e., we restrain the smooth approximations C of C by requiring that (for all solenoidal velocity fields u, v and w with the appropriate conditions at the boundaries)
This condition yields a class of symmetry-preserving regularizations, see [6] for details. The regularized system (2) should be more amenable to solve numerically than the Navier-stokes equations, while its solution has to approximate the low wavenumbers of the Navier-Stokes solution. Therefore, the leading part of inertial subrange of the energy cascade is to be retrieved. In this paper, we proof (using the reasoning of Foias et al. [1] ) that any skew-symmetric regularization of the Navier-Stokes equations possesses an inertial subrange for κ f < κ << κ τ , where κ f denotes the highest wavenumber of the forcing f and κ τ is the Taylor wavenumber of the solution of the regularized system (2)-(3).
Energy fluxes We introduce the notations u <s = κ<s u κ and u ls = u <s − u <l , with 0 ≤ l ≤ s < ∞. The evolution of u ls follows straightforwardly from Eq. (2). Taking the inner product with u ls yields
where ν denotes the viscosity and T κ (u) def = ( C(u, u), u <κ ) represents the flux of kinetic energy through the wavenumber κ. Eq. (4) resembles the energy budget equation that follows from the Navier-Stokes equations (1). The only difference is that the energy flux T κ (u) is defined using C instead of C. The skew-symmetry (3) has a number of important consequences. First, it ensures that the flux into the opposite direction is given by ( C(u, u) , u − u <κ ) = − ( C(u, u) , u <κ ) = −T κ (u). Secondly, it enables to separate the flux in a manner similar to the Navier-Stokes equations:
Thus the net energy flux equals the difference between the inertial effects by the high modes on the low ones and the inertial effects by low modes on the high ones. Thirdly, for a regular solution u with u κ → 0 as κ → ∞, we have
if and only if C is skew-symmetric. To proof this, we suppose (for the sake of the argument) that C contains a symmetric part, say S with ( S(u, v) , w) = (v, S(u, w) ). Then T κ (u) = ( C(u, u ≥κ ), u <κ ) + ( S(u, u <κ ), u <κ ). Taking the limit κ → ∞ for a regular solution gives T κ (u) → ( S(u, u) , u) as κ → ∞, which demonstrates that (5) holds if and only if S = 0 ⇔ (3) holds. The time average of the energy budget equation (4) becomes
where the average operator < · > is defined as in [1] . Here, the forcing f κ vanishes for κ > κ f . The flux T s (u) vanishes for s → ∞, too, because we consider skew-symmetric regularizations, see Eq. (5). Consequently, taking l > κ f and s → ∞ in Eq. (6) gives
> is monotone decreasing. Furthermore, the difference of the two fluxes can be bounded with the help of the the average dissipation rate = ν <|∇u| 2 >:
where κ f < l < s and the Taylor wavenumber (of the regularized solution) is given by κ τ = < |∇u| 2 > /<|u| 2 >. On the other hand, for s → ∞ and l > κ f we have
By reading this inequality from right to left we obtain an upper bound for the dissipation rate . Thus, with the help of (9), the right-hand side in (8) can be bounded in terms of the energy flux < T l (u) >. When the resulting inequality is divided by <T l (u) > we get, for κ f < l < s,
that is the energy flux through the wavenumber κ is nearly constant (independent of ν and κ) for κ in the range κ f , κ << κ τ . In other words, the energy cascade of any skew-symmetric regularization possesses an inertial subrange. The length of this range is controlled by the Taylor wavenumber of the regularized system (2). Finally, it may be remarked that the energy flux in the inertial subrange is nearly equal to the dissipation rate . Indeed, Eq. (7) leads to < T l (u) > ≤ . Combining this result with (9) gives < T l (u) > ≈ (provided l << κ τ ). These rigorous results show that the conditions prevailing in the inertial subrange of the energy cascade are strictly satisfied for κ f < κ << κ τ . A simple dimensional analysis gives then Kolmogorov's -5/3 spectrum. Thus the leading part of the inertial subrange of any skew-symmetric regularization closely resembles the corresponding part of the energy cascade in a turbulent flow governed by the Navier-Stokes equations.
